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A facial path in a plane graph G is a subpath of the boundary walk of a face of G.
The Four Color Theorem states that every plane graph contains a proper vertex
4-coloring in which each monochromatic facial path consists of exactly one vertex.
Czap, Fabrici, and Jendrol’ in 2021 conjectured that every plane graph G admits
an improper vertex 3-coloring (resp. 2-coloring) in which every monochromatic
facial path in G has at most two vertices (resp. three vertices). In our talk we
present a proof of the first conjecture. Our result is optimal. Next we will present
what is a set up on the second conjecture.
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